Abstract-In this paper, a novel approach is proposed for the calculation of ambiguous generator sets of directions for planar arrays. This approach is based on the concept of hyperhelical curves and their equivalent linear arrays, which provide a vehicle for investigating planar array ambiguities by adopting and extending techniques proposed for linear arrays. Thus, ambiguous generator sets of directions of constant azimuth and different elevation are initially calculated, and the concept of ambiguous generator lines is introduced. Then, by using coneangle parametrization, ambiguities associated with directions of different azimuth and different elevation are investigated.
Investigative Study of Planar Array Ambiguities
Based on "Hyperhelical" Parameterization
I. INTRODUCTION
I N AN azimuth-elevation direction finding (DF) system employing a planar array of isotropic sensors, the array manifold is the locus of the response vectors (or, manifold vectors) a a (1) and has the shape of a conoid lying on a hypersphere of radius in the complex -dimensional space [1] . In (1) , , , denotes the array sensor locations in half wavelengths, and = is the wavenumber vector pointing toward the emitter at azimuth and elevation [with measured anticlockwise from the -axis on the -plane , ]. The geometry of the array elements plays a crucial role in dictating the shape, properties, and "anomalies" of the array manifold and, as a consequence, in dictating the phenomenon where some manifold vectors can be written as a linear combination of some other manifold vectors. Note that in [2] , a necessary condition to obtain unique estimates of directionsof-arrival (DOA's) was proposed based on the assumption of linearly independent manifold vectors. This condition is a function of the number of sensors, the number of sources, and the rank of the source correlation matrix and was improved in [3] , whereas in [4] and [5] , it was extended to vector-sensor applications.
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However, if some of the manifold vectors are linearly dependent, then the ambiguity problem is said to arise, implying a need to identify array geometries that are free of some type of ambiguities, as well as estimating the set of ambiguous directions associated with a given geometry, which are both very important problems in direction finding.
The ambiguities are characterized as trivial, which are easy to identify, or as nontrivial, with the nontrivial ambiguities being the most challenging and, therefore, interesting type of ambiguities. Thus, much research effort has been devoted to the question of identifying specific array geometries that are free of nontrivial ambiguities, up to a certain rank, or studying the performance of certain array geometries. In [6] , a class of cross arrays is constructed that is free of higher rank ambiguities, and in [7] , a theorem for characterizing rank-2 ambiguities is derived. In [8] , a specific class of uniform circular arrays is shown to be free of rank-2 ambiguities when the sources are coplanar with the array. As far as the estimation of ambiguities is concerned, in [9] and [10] , linear arrays were studied, based on uniform and nonuniform partitioning of the array manifold, and thus, two classes of ambiguous generator sets of directions were estimated. However, the authors have no knowledge of any attempt to estimate ambiguities associated with planar array structures.
In this paper, the ambiguities of planar arrays of any geometry are investigated and estimated for the case of directions of constant azimuth and different elevations as well as for the case of directions of different azimuths and different elevations. However, the case of estimating ambiguous sets of different azimuth and constant elevations (if there are any) is not examined in this study and remains an open problem.
In Section II, a background framework on the properties of the manifold of a linear array is given together with a brief presentation of the basic ambiguity theory concerning their estimation in linear arrays. In Section III, the concept of the equivalent linear array (ELA) is presented, and the family of hyperhelical curves, known as -curves, is considered in order to obtain ambiguous sets of directions of constant azimuth and different elevation. The methodology of calculating the locus of ambiguous generator sets of a planar array is then highlighted through a representative example, and thus, the concept of ambiguous generator lines is introduced. In Section IV, based on the cone angle parametrization of the array manifold, two additional families of hyperhelical curves ( and -curves), which can be used to estimate ambiguous sets of directions of different azimuth and different elevation, are presented. Then, a number of observations are made that place these three families of hyperhelical curves ( , , and -curves) in a general framework. Finally, in Section V, some special cases of low-rank ambiguities are discussed, and in Section VI, the paper is concluded.
II. BACKGROUND THEORY
The influence of the array manifold on the performance of a DF system can be investigated using differential geometry of curves and surfaces [11] , [12] .
For instance, if is the parameter of interest, then the function a
describes a curve in the complex -dimensional space and represents the locus of all vectors a over the parameter space , where , are constant -dimensional real vectors.
Curves of the form of (2) have a hyperhelical shape, and the advantages of having hyperhelical curves are numerous. The most important is that their shape and properties can be described uniquely by a set of constant curvatures. Those curvatures, which do not vary from point to point (i.e., are independent of ), can be estimated analytically [13] , [14] The most basic parameter of a curve, however, is the arc length , which is defined as
and, if the curve is hyperhelix, is related to the parameter (with at ) as (5) while the rate of change of arc length with respect to the parameter is given by
with used to represent differentiation with respect to parameter .
Finally, the total length of this complex curve is equal to (7) The above parameters and the concept of a hyperhelical curve have been employed in [9] to handle the ambiguity problem of linear arrays with sensor locations (with an all zeros vector), and the following definition of an ambiguous set and its associated rank of ambiguity was presented.
Ambiguous Set: An ordered set of arc lengths , where , is said to be an ambiguous set of arc lengths if the matrix with columns the manifold vectors a a a has rank less than , i.e., rank . Rank of Ambiguity: If a set of arc lengths is ambiguous, then its rank of ambiguity is defined as the integer rank . However, [9, Th. 1] essentially states that if all the elements of an ambiguous set of arc lengths are rotated on the array manifold by the same value, then the resulting set is also an ambiguous set of arc lengths. It becomes clear that if one ambiguous set is identified, then by simple rotation, an infinite number of ambiguous sets can be generated, and therefore, two different ambiguous sets may in fact be just a rotation of each other. Thus, since all these sets can be generated from a single set, the idea of the ambiguous generator set was proposed in [9] and is presented in the following.
Ambiguous Generator Set: An ordered set s of arc lengths, where , is said to be an ambiguous generator set of arc lengths if and only if we have the following. a) All the elements of the set but the first element are nonzero. b) The rank of the matrix with columns the manifold vectors associated with the elements of the set is less than , i.e., rank . c) For any subset of elements of with , the rank of is equal to . Based on the "hyperhelical" properties of the manifold of a linear array, two classes of ambiguous generator sets were identified. The first class is generated by uniform partitions of the array manifold based on the elements of the vector with (8) where , are the locations of the th and th sensors, respectively. Although this first class of ambiguity exists in any linear array geometry (symmetric or nonsymmetric), the second class of ambiguity can be found only in symmetric arrays and can be estimated by using a nonuniform partitioning of the array manifold based on the roots (which are smaller than the manifold length) of Tr C expm C (9) where expm denotes matrix exponential (10) There is a direct connection between the presence of grating lobes in the array pattern and the ambiguities associated with the roots of (9). It can be proved that if the array pattern is parametrized in terms of the arc length and the mainlobe of the array is steered toward endfire, then for a symmetric array of sensors, the stationary points (usually lobes) of the array pattern correspond to the ambiguous directions with a rank of ambiguity equal to . In the following sections, the array manifold surface of planar arrays is investigated by considering this surface as a family of properly parametrized curves that can be analyzed by adopting and extending the above concepts.
III. AMBIGUITIES ASSOCIATED WITH THE FAMILY OF -CURVES
As it was mentioned in Section I, the shape of the manifold of a planar array is a conoid surface lying on a hypersphere of radius in the complex -dimensional space . This conoid surface is very difficult to analyze as a single entity. For this reason, an alternative mapping, representing this surface, is needed in order to investigate the properties of the manifold of planar arrays.
An alternative mapping is produced by treating the manifold surface as a family of curves that fully covers and describes the corresponding surface. Two such families of curves are the family of -parameter curves (or simply -curves) the family of -parameter curves (or simply -curves) with a curve belonging to the family of -curves defined as the locus of all manifold vectors over the whole azimuth space -at a particular elevation i.e., a a
On the other hand, a curve belongs to the family of -curves if it is the locus of all manifold vectors formed by keeping the azimuth constant (with value and by varying the elevation over the whole elevation space -i.e., a a
Both families of curves can be used to describe the manifold surface, but the -parameter curves are the most complex of the two families. The -curves (in contrast to the -curves) have the property of being complex hyperhelices embedded in . This can be seen from (1) for constant (of value ) a i.e., a
where (12) which matches (2) for , , and . Note that hyperhelical curves, such as -curves, are analytically "convenient" in the sense that all their curvatures are independent of the parameter , and hence, the procedure for their calculation is identical to that of linear arrays [9] . Fig. 1 shows an illustrative representation of a planar array manifold surface and its families of -and -curves.
It is immediately apparent that a a (13) which implies that the two -curves at and have the same length and curvatures and can be considered as a continuation of one another forming a composite -curve having a hyperhelical shape. The family of these composite curves (hereafter known as -curves) can be described in an alternative but equivalent parameter space as , i.e., -, which is connected to the original space of the family of the -curves as if then (14) if then (15)
It is obvious now that a -curve represents directly the array manifold of an ELA with sensor locations given by having a manifold length
If , denote the locations of the th and th sensors of the ELA , then the ambiguous generator sets of arc lengths can be estimated by partitioning the manifold of this ELA according to the elements of the vector [see (8)] with (17) with the composite elevations , corresponding to the arc lengths of the -curve, calculated by
For instance, for the following planar array of six sensors (in half-wavelengths) (19) the ELA associated with, say, , is , having a manifold length equal to . By using (17) in conjunction with the technique proposed in [9] , the following four ambiguous generator sets of arc lengths are obtained as in (20), shown at the bottom of the page.
The first ambiguous generator set (first row of ) for this specific ELA of has rank of ambiguity equal to 5, and its nonzero elements are shown as dots in Fig. 2 . Note that the directions in degrees associated with the above ambiguous generator set of arc lengths are , , , , . Furthermore, in the same figure, the locus of the manifold lengths of all ELA's, , is shown, i.e., . However, the points of an ambiguous generator set, like the one shown in Fig. 2 , belong to a set of ambiguous generator lines with each line of the set representing the locus of one of the elements of this generator set for every in . Thus, Fig. 3 shows the set of ambiguous generator lines of rank 5 in which the first row of belongs. As can be seen in this figure, the set of ambiguous generator lines ceases to exist at and for values of in region 61-119 , whereas for in region 119-180 , its values are the mirror image of the values from 0-61 . Note that the set of ambiguous generator lines is defined only in those areas of the parameter space at which the last line (e.g., in Fig. 3 the sixth line) where the largest element of the associated ambiguous generator set is located is below the locus of the manifold length of the ELA's. In addition, in Figs. 4-6, the sets of ambiguous generator lines in which rows 2-4 of belong are shown. Note that in Fig. 4 , in addition to the set of ambiguous generator lines of rank-4, which is shown by the set of solid black lines and which do not exist at , at , and for in region 120-180 , two extra "discrete" ambiguous generator sets of rank 2 and one of rank 1 are shown as black squares, which appear at , , and having the following values:
(20) These "discrete" ambiguous generator sets will be discussed in a later section.
Thus far, ambiguous generator sets based on uniform partitioning of a hyperhelical curve and their associated set of ambiguous generator lines have been discussed. However, it is worth noting that ELA's of some curves of the family of -curves of a planar array may be symmetric, i.e., sum odd. In this case, extra ambiguities can be found by a nonuniform partitioning of those -curves according to the roots of (9), which are smaller than the manifold length of the ELA. Furthermore if the planar array itself is symmetric, then all ELA's of the family of -curves are symmetric as well; this is formally stated in the following corollary.
Corollary: All equivalent linear arrays associated with the family of -curves of a symmetric planar array are symmetric and, therefore, can suffer from both uniform and nonuniform classes of ambiguity.
For instance, the planar array of (19) is a symmetric array, and therefore, the nonuniform class of ambiguities may also be present. Thus, for example, for the ELA of , the roots of (9), which are smaller than the manifold length , are of rankThis should be added as an extra row (fifth row) to the matrix of (20), and the corresponding set of ambiguous generator lines is shown in Fig. 7 . In Fig. 8 , the diagrams of Figs. 3-7 are superimposed, indicating that the array is free of -curve ambiguities for any azimuth between 61-119 with the only exception at 90 , where there exists a single "discrete" rank-1 ambiguous generator set, which is a trivial type of ambiguity. This is not the only type of trivial ambiguity that can be found since, like linear arrays, planar arrays are also sensitive to trivial ambiguities when the parameter space of the family of -curves increases from [0-90 ) to [ 90 to 90 ). This becomes apparent from (11) because a a
which implies that a planar array is incapable of distinguishing between two emitters of equal azimuth and opposite elevations , which is the reason why the elevation is restricted to [0 , 90 ) [or, the composite elevation is restricted to [0 , 180 )].
IV. AMBIGUITIES OF -AND -CURVE FAMILIES
A different parametrization known as cone-angle parametrization may also be used for the study of the manifold. The new angles are known as the cone angles , , where is defined as the angle between and the -axis, and is the angle between and the -axis. Additionally, if the -and -axes of the Cartesian frame --are rotated by an angle , then the frame --is obtained. In this case, is defined as the angle between and the -axis, whereas is the angle between and the -axis. The relation between the two conventions is illustrated in Fig. 9(a) . These angles are called cone angles because the loci of wavenumber vectors of constant (or equivalently constant ) form cones about the (equivalently, the ) axis. Fig. 9(b) shows this for a random choice of and . The wavenumber vector with respect to the cone angles and for a rotation angle can be written as (22) where (23) (24) and, thus, the manifold vector of a planar array can be expressed as a function of the and parameters as a (25) where is the matrix of the sensor locations, which are given as (26) with (27) From the previous equation, it is easy to deduce that the roles of and can be interchanged by simply replacing with . The expressions that calculate the azimuth and the elevation for a given pair of values of cone angles and and a given rotation of a -frame are derived from (23) and (24) , and the limits of , when , are independent of the value of the rotation of the -frame and may easily be derived from the limitations imposed by (28) and (29). These limits are given in Based on the above discussion, and by keeping the framerotation angle constant (with value ), two new families of parameter curves may now be defined the family of -parameter curves (or simply -curves) the family of -parameter curves (or simply -curves) Thus, a curve belonging to the family of -curves is defined as the locus of all manifold vectors over the whole parameter space at a particular i.e., a a with and given by (31)
whereas, in a similar fashion, the family of -curves can be defined, with each family covering and representing the whole of the manifold surface of a planar array.
The most important point, however, is that both these families of curves have the property of being complex hyperhelices embedded in , as it can be seen from (25), which, for instance, for an -curve of constant ( ) and constant ( ), becomes identical to (2) with and constant
From the above, it is clear that all -curves have the same ELA but different "visible" areas specified by the minimum and maximum permissible values of . The same is true for the -curves but with as their ELA.
Thus
ELA of the family of -curves: with the parameter space for a specific -curve, ELA of the family of -curves: with the parameter space for a specific -curve,
The above implies that all -curves, for a given frame rotation angle , are • identical in shape, having the same sets of curvatures (same Cartan matrix); • parallel to each other (different displacement values ); • orthogonal to -curves. Note that -curves are the same as -curves for rotation . However, by estimating the rate of change of the arc length of an -curve a for a given rotation i.e., (33) and then integrating (33) over its limits , , the length of this -curve can be found as (34) which indicates that -curves, although identical in shape, have different lengths, with the -curve associated with having the maximum length and their lengths gradually reducing as increases from 90 to 180 or decreases from 90 to 0 . Based on the above discussion, the ambiguous generator sets of arc lengths of the -curve of , i.e., a , can be estimated by partitioning this curve according to the elements (arc lengths) of the following vector [see (8) 
with (35) where , denote the locations of the th and th sensors of the ELA , as well as, if the array is symmetric, according to the roots of (9) (nonuniform partition). Now, let us assume that all ambiguous generator sets of arc lengths of the -curve with have been estimated, both of the uniform and nonuniform class (if these exist) and then consider another -curve of different to 90 . For this second curve, let and be the arc lengths corresponding to the parameter angles and [given by (32)], respectively. This curve has ambiguous sets but not ambiguous generator sets since for any , which implies that the first condition of the definition of the ambiguous generator set is not satisfied. Let us define the ambiguous sets with their first element equal to as the first permissible ambiguous sets. These can be found by rotating all the ambiguous generator sets of the -curve with by [9, Th. 1], subject to the condition, of course, that the maximum element of each set cannot exceed . Thus, it is clear that the ambiguous generator sets for the whole family of -curves, for a given frame rotation , can be provided by examining only the -curve of . The ambiguities of any other -curve can be generated by a simple rotation [9, Th. 1] of those ambiguous generator sets.
For the array of (19) and for , Fig. 10 shows the ambiguous generator sets of the -curve with as well as the ambiguous sets for variable , which can be produced from the generator sets by adding to their elements the corresponding . Note that the cone angle parameter, corresponding to the arc lengths of the -curve, can be calculated by
Now, by varying over its parameter space , we will get the set of ambiguous generator lines of the whole family of -curves to which the elements of the ambiguous generator sets belong. However, if the set of ambiguous generator lines of the family of -curves has been found, then we can also find the set of ambiguous generator lines of the -curves by making the following observation. Although denotes the composite azimuth associated with a -curve and denotes the frame rotation associated with a family of -curves, that is and are totally different parameters, for , the corresponding ELA's are identical with their associated hyperhelices having the same length [see (16) and (34) with ]. This implies that their associated ambiguous generator sets of arc lengths are numerically identical. This can be seen for the array of (19), which for the family of -curves with , gives the same ambiguous generator sets (in arc lengths) as those found in Section III by examining the -curve for and are given by the rows of the matrix of (20).
This implies that, for variable in the region 0-180 and for the array of (19), the ambiguous generator lines of all families of -curves are numerically, in arc lengths, equal to those of the family of -curves. Thus, for the array of (19), Figs. 2-8 not only represent the set of ambiguous generator lines of the -curves but also of the and -curves by generalizing the polar axes to ( ), where for the composite -curves in degrees in arc lengths for the -curves in degrees in arc lengths for the -curves in degrees in arc lengths A few other points must also be emphasized before concluding this section. First, from (27), we can derive (37) which implies that for a given rotation of the -frame and a given , the resulting -curve a has the same length as the -curve a resulting from rotation . This is the reason that only frame rotations in the region have been considered. Second, as already mentioned, the roles of and can be interchanged by simply replacing the rotation of theframe with , and therefore, the -curves are effectively transposed versions of the -curves. This means that thecurves for some rotation are the same with the -curves for rotation . This is the reason the -curves can be neglected throughout this analysis, and only the -curves are considered.
V. DISCUSSION ON SPECIAL CASES OF PLANAR ARRAYS
As it was noted in Fig. 4 , for certain values of or , there are some ambiguous generator sets of considerably lower rank than those belonging to the sets of the ambiguous generator lines that are presented in Fig. 4 as singular points (squares). These ambiguous generator sets, known as "discrete" ambiguous generator sets, exist when the array geometry satisfy one of the following two conditions for some values of or . Condition 1: The corresponding ELA's have two or more co-located sensors.
Condition 2: Two or more intersensor spacings of the corresponding ELA's are integer multiples of each other.
The reason for the existence of these lower rank ambiguities can easily be deduced from the definition of the ambiguous generator set and, especially, its third condition. More analytically, it can easily be derived from [9, proof of Th. 1] that if two or more intersensor spacings of an ELA are integer multiples of each other (which is the case for either of the above conditions) and if is an ambiguous generator set associated with the smallest of these intersensor spacings, then the manifold matrix may have more than two identical rows. This implies that its rank will be smaller than . Note that an ELA has two or more co-located sensors when for one or more different pairs of sensors, the parameter satisfies (38) where or , and ( ), ( ) represent the locations of the th and th sensors. It can be proven that for a given array geometry, the maximum number of ELA's with co-located sensors is given by (39) where is the number of symmetric pairs with respect to the origin in the planar array if the array has a sensor at the origin otherwise and if otherwise.
For instance, in Fig. 4 , for or , we have seen that there is a "discrete" ambiguous generator set. By examining the ELA for these two values of , it can be seen that the second condition is satisfied. Furthermore, the first condition is also satisfied at , where, although not shown in Figs. 3-8 , there are five "discrete" ambiguous generator sets of rank 3 and 11 of rank 2. To better illustrate the condition of co-located sensors, consider, for instance, a uniform circular array (UCA) with eight elements and 1.5 halfwavelengths intersensor spacing. Equation (39) will give us that the maximum number of ELA's with co-located sensors is . Indeed, the array has eight ELA's with colocated sensors corresponding to , 22.5, 45, 67.5, 90, 112.5, 135, and 157.5 . In Fig. 11 , the ELA for is presented (with the circles) and has only one ambiguous generator set of rank two, as shown in Fig. 12 . Furthermore, in this figure, the number of ambiguous generator sets over the whole parameter space are shown grouped by rank. Note that for this array, only "discrete" ambiguous generator sets exist at the previously mentioned values of and not sets of ambiguous generator lines.
By increasing the intersensor spacing further to 2.5, not only is the number of "discrete" ambiguous generator sets increased, but there is also one set of ambiguous generator lines of rank-6 covering the areas of 6 around the positions of the "discrete" ambiguous generator sets, as can be seen in Fig. 13 . In addition, new "discrete" ambiguous generator sets of rank-4 are shown in the same figure. Finally, in Fig. 14 , the histogram for intersensor spacing equal to 3 is shown. It is clear from this figure that the number of "discrete" ambiguous generator sets is dramatically increased while the Fig. 13 . Number of ambiguous generator sets, grouped by rank, with respect to q for a UCA with 2.5 half-wavelengths intersensor spacings. sets of ambiguous generator lines cover the whole parameter space , with their number increased to ten in some parts and to three in some other parts of . In addition, some new ambiguous generator lines of rank-7 also exist.
The above example is a characteristic one that illustrates the importance of the array geometry in the ambiguity problem and in the presence of lower rank ambiguities. Note that all symmetric array geometries (grid, shaped arrays etc.) have similar properties to those of the uniform circular array.
VI. CONCLUSIONS
In this paper, a method for estimating ambiguous generator sets for planar arrays was proposed. This method was based on the concept of hyperhelices and the special properties of hyperhelical curves. These properties make it possible to estimate ambiguities for constant azimuth and different elevations and for different azimuths and different elevations based on both uniform and nonuniform partitions of the array manifold. Finally, some special cases of low-rank ambiguous generator sets were discussed.
